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Abstract
In this paper are given examples of tori T2 embedded in R3 with all their principal lines dense. These
examples are obtained by stereographic projection of deformations of the Clifford torus in S3.
© 2008 Elsevier Masson SAS. All rights reserved.
Résumé
Dans ce travail nous donnons des exemples de plongements du tore T2 dans R3 avec toutes ces lignes de
courbure principales denses. Ces exemples sont obtenus par la projection stéréographique des déformations
du tore de Clifford dans S3.
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1. Introduction
Let α :M → S3 be an immersion of class Cr , r  3, of a smooth, compact and oriented two-
dimensional manifold M into the three-dimensional sphere S3, endowed with the canonical inner
product 〈·,·〉 of R4.
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R. Garcia, J. Sotomayor / Bull. Sci. math. 133 (2009) 348–354 349The Fundamental Forms of α at a point p of M are the symmetric bilinear forms on TpM
defined after Spivak [10], as follows:
Iα(p;v,w) =
〈
Dα(p;v),Dα(p;w)〉,
IIα(p;v,w) =
〈−DNα(p;v),Dα(p;w)〉.
Here, Nα is the positive unit normal of the immersion α tangent to S3, i.e. 〈Nα,α〉 = 0.
In S3, the coefficients of the second fundamental form IIα in a local positive chart (u, v),
relative to the normal vector N = α ∧ αu ∧ αv , are given by:
e = det[α,αu,αv,αuu]√
EG − F 2 , f =
det[α,αu,αv,αuv]√
EG − F 2 , g =
det[α,αu,αv,αvv]√
EG − F 2 .
Here E = 〈αu,αu〉, F = 〈αu,αv〉 and G = 〈αv,αv〉 are the coefficients of the first fundamental
form Iα .
The eigenvalues of IIα − κIα = 0 are called principal curvatures and the corresponding
eigenspaces are called principal directions.
Outside the set of umbilic point Uα where the two principal curvatures coincide, the principal
directions define two line fields, called the principal line fields of α, which are of class Cr−2.
The integral curves of the principal line fields on M \ Uα are called principal curvature lines.
The principal curvature lines can be assembled in two one-dimensional orthogonal foliations
which will be denoted by F1(α) and F2(α). The triple Pα = {F1(α), F2(α), Uα} is called the
principal configuration of the immersion α [5,7].
In a local chart (u, v) the principal directions of an immersion α are defined by the implicit
differential equation
(Fg − Gf )dv2 + (Eg − Ge)dudv + (Ef − Fe)du2 = 0. (1)
A principal line γ is called recurrent if γ ⊆ L(γ ), where L(γ ) = α(γ )∪ω(γ ) is the limit set
of γ , and it is called dense if L(γ ) =M. Recall that α-limit set, α(γ ), of an oriented leaf γ is the
set of limit points of all convergent sequences of the form γ (sn), where sn tends to the positive
extreme of definition of the oriented leaf. The same for the ω-limit set, ω(γ ), exchanging positive
by negative in the previous definition. Clearly, L(γ ) does not depend on the orientation of the
leaf.
There is a great similarity between the properties of principal lines in the cases of surfaces in
Euclidean and in Spherical spaces. They correspond to each other by means of a stereographic
projection which, being conformal, preserves the principal lines.
The study of principal curvature lines on surfaces M immersed in R3 and S3 is a classical
subject of Differential Geometry. See [1,2,10,11].
In the works of Gutierrez and Sotomayor, see [5–7], ideas coming from the Qualitative Theory
of Differential Equations and Dynamical Systems such as Structural Stability, Recurrence (and
its elimination) and Genericity were introduced into the subject of Principal Curvature Lines.
Other differential equations of Classical Geometry such as asymptotic lines, lines of arith-
metic, geometric and harmonic mean curvatures, have been studied in papers by Garcia, Gutier-
rez and Sotomayor, 1999, and Garcia and Sotomayor 1997, 2001, 2002, 2003. A unification
theory for these differential equations was achieved by Garcia and Sotomayor, 2004. A recent
survey on classical and recent developments on principal curvature lines, with updated refer-
ences, can be found in [4].
The interest on the study of foliations with recurrent and dense leaves goes back to Poincaré,
Birkhoff, Denjoy, Peixoto, among others.
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leaves have been given in [3,6,7].
In this paper are provided examples of embedded tori in R3 with both principal foliations
having dense leaves. These examples, established in Theorem 2, are obtained as the stereographic
projections of special deformations of the Clifford torus in S3. These special deformations are
defined in the proof of Theorem 1. See Section 3.
2. Preliminary calculations
In this section will be obtained the variational equations of a quadratic implicit differential
equation. The results will be applied in Section 3.
Proposition 1. Consider a family of quadratic differential equations, depending on a parame-
ter , of the form
a(u, v, ) dv2 + 2b(u, v, ) dudv + c(u, v, ) du2 = 0,
a(u, v,0) = c(u, v,0) = 0, b(u, v,0) = 1. (2)
Let v(u, v0, ) be a solution of (2) with v(u, v0,0) = v0 and u(u0, v, ) be a solution of (2)
with u(u0, v,0) = u0. Then the following variational equations hold:
c + 2vu = 0, a + 2uv = 0,
c + 2cvv − 2bc + 2vu = 0,
a + 2auu − 2ba + 2uv = 0. (3)
Proof. Differentiation of (2) written as
a(u, v, )
(
dv
du
)2
+ 2b(u, v, )dv
du
+ c(u, v, ) = 0, v(u, v0,0) = v0
leads to:
(a + avv)
(
dv
du
)2
+ 2a dv
du
vu + 2(b + bvv) dv
du
+ 2bvu + c + cvv = 0. (4)
Here
av = ∂a
∂v
, a = ∂a
∂
, au = au = ∂
2a
∂∂u
= ∂
2a
∂∂u
.
Analogous notation for b = b(u, v(u, v0, ), ), c = c(u, v(u, v0, ), ) and the solution
v(u, v0, ).
Evaluation of Eq. (4) at  = 0 results in:
c + 2vu = 0.
Differentiating Eq. (4) and evaluating at  = 0 leads to:
c + 2cvv + 4bvu + 2bvu = 0,
c + 2cvv − 2bc + 2vu = 0. (5)
Similar calculation gives the variational equations for u and u . This ends the proof. 
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Theorem 1. There are analytic embeddings α :T2 → S3 such that all leaves of both principal
foliations, Fi (α) (i = 1,2), are dense in T2.
Proof. Let N(u,v) = (α∧αu∧αv)/|α∧αu∧αv|(u, v) be the normal vector to the Clifford torus
C = S1(r)×S1(r) ⊂ S3, where S1(r) = {(x, y) ∈R2: x2 +y2 = r2} and r = √2/2, parametrized
by
α(u, v) =
√
2
2
(cosu, sinu, cosv, sinv).
We have that,
Nα(u, v) =
√
2
2
(− cosu,− sinu, cosv, sinv).
Let c(u, v) = h(u, v)Nα(u, v), h being a 2π -double periodic function having the symmetry prop-
erty h(u, v) = h(v,u).
For  = 0 small consider the one parameter family of embedded tori defined by:
α(u, v) = α(u, v) + c(u, v)|α(u, v) + c(u, v)| . (6)
Let Nα = α ∧ (α)u ∧ (α)v be the normal map of α .
The coefficients of the first and second fundamental forms of α are given by:
E(u,v, ) = 1 − h + 2
2(h2 + h2u) − 23h3 + 4h4
2(1 + 2h2)2 ,
F (u, v, ) = 
2huhv
(1 + 2h2)2 ,
G(u, v, ) = 1 + h + 2
2(h2 + h2v) + 23h3 + 4h4
2(1 + 2h2)2 ,
e(u, v, ) = (1 + h)[1 + (2huu − h) + 
2(4h2u − 2hhuu − h2) + 3h3]
4(1 + 2h2)2 ,
f (u, v, ) = [huv + 
2h(huhv − hhuv)]
2(1 + 2h2)2 ,
g(u, v, ) = (1 − h)[−1 + (2hvv − h) + 
2(h2 − 4h2v + 2hhvv) + 3h3]
4(1 + 2h2)2 .
From the expressions above, it is important to record the following symmetry relations:
E(u,v, ) = E(v,u, ), F (u, v, ) = F(v,u, ), G(u, v, ) = G(v,u, ),
e(u, v, ) = e(v,u, ), f (u, v, ) = f (v,u, ), g(u, v, ) = g(v,u, ). (7)
Then the coefficients of the differential equation of principal lines of α , after multiplication
by −4(1 + 2h2)4, are given by:
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+ (−2huhvhvv + 2h2vhuv + huvh2 + 2huhvh)3 + (2huhvh2 + 4huh3v)4
+ (−h4huv + 2huhvh2hvv + 4h3huhv − 2h2vh2huv)5
+ (−2h5huv + 5huhvh4)6 + (2h5huhv − h6huv)7,
M(u, v, ) = (Eg − Ge)(u, v, ) = 1 + (huu − hvv) +
(
2h(hvv + huu) + 3
(
h2v + h2u
))
2
+ (−h2hvv + 6h2uh − 2h2uhvv + 2h2vhuu − 6hh2v + h2huu)3
+ (−6h2vh2 − 2h2 + 8h2uh2v + 6h2uh2)4
+ (h4hvv − h2huu − 8h3h2v − 2h2h2vhuu + 2h2h2uhvv + 8h3h2u)5
+ (−2h5hvv − 2h5huu + 7h4h2v + 7h4h2u)6
+ (−h6huu + h6hvv + 2h5h2u − 2h5h2v)7 + h88,
N(u, v, ) = (Ef − Fe)(u, v, ) = −huv + 2(2hhuv + huhv)
+ (2huhvhuu − 2h2uhuv − huvh2v − huvh2)3 + (2huhvh2 + 4h3uhv)4
+ (h4huv − 2huhvh2huu − 4h3huhv + 2h2uh2huv)5
+ (−2h5huv + 5huhvh4)6 + (−2h5huhv + h6huv)7.
By the equations above and from the symmetry property h(u, v) = h(v,u), it follows that
L(u, v, ) = L(v,u, ), M(u, v, ) = M(v,u, ), N(u, v, ) = N(v,u, ). (8)
At  = 0 it follows that
L(u, v,0) = 0, M(u, v,0) = 1, N(u, v,0) = 0,
M(u, v,0) = huu − hvv, N(u, v,0) = −huv,
Nv(u, v,0) = −huvv, N(u, v,0) = 2(2hhuv + huhv). (9)
Consider the reflection σ :T2 → T2 defined by σ(u, v) = (v,u) and the circle Σ = {(u,u):
u ∈R} transversal to both principal foliations Fi (α).
By Eq. (8) it follows that σ(F1(α)) = F2(α) and σ(F2(α)) = F1(α), that is the diffeo-
morphism σ :T2 → T2 preserves the principal configuration of α , reversing the order of the
foliations. Therefore it also conjugates the Poincaré first return maps (πα )i :Σ → Σ (i = 1,2)
of the foliations Fi (α). For the basic properties of the rotation number see [8] and [9].
In what follows it will be shown that the rotation number of (πα )i changes monotonically
with , provided it is small.
By Proposition 1 with (a = L, 2b = M, c = N) the variational equations of the implicit
differential equation
N(u,v, ) + M(u,v, )dv
du
+ L(u, v, )
(
dv
du
)2
= 0,
with N(u,v,0) = L(u, v,0) = 0, M(u,v,0) = 1 and v(u, v0,0) = v0 are given by:
N + vu = 0, N + 2Nvv − 2MN + 2vu = 0.
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v(u, v0) = −
u∫
0
huv(u, v0) du,
vu(u, v0) =
[( u∫
0
huv du
)
huvv − huv(2h + huu − hvv) − huhv
]
(u, v0).
Taking h(u, v) = sin2(u + v) it results from the equations above and by Eq. (9) that:
v(u, v0,0) = sin(2u + 2v0) − sin(2v0),
v(u, v0,0) = −32u − sin(2u + 2v0) +
7
8
sin(4u + 4v0) + sin(2u)
+ sin(2v0) − sin(4v0 + 2u) + 18 sin(4v0).
Therefore it follows that:
v(2π,v0,0) − v(0, v0,0) = 0, v(2π,v0,0) − v(0, v0,0) = −3π.
Consider the Poincaré map π1 : {u = 0} → {u = 2π} relative to the principal foliation F1(α),
defined by π1 (v0) = v(2π,v0, ). Here, the circle {u = 0} = {u = 2π} is a leaf of F2(α).
Therefore π10 = Id and π1 has the following development:
π1 (v0) = v0 +
2
2
v(2π,v0,0) + O
(
3
)
= v0 − 3π2 
2 + O(3).
Therefore the rotation number of π1 changes continuously and monotonically with . See
Chapter 12 of [8] or Chapter 5 of [9].
The rotation number of π1 is irrational if and only if that of (πα )1 is irrational.
Therefore we can take a small 0 = 0 such that the rotation numbers of (πα0 )i :Σ → Σ ,
i = 1,2, are both irrational. For α = α0 all leaves of both principal foliations are dense in T2.
This ends the proof. 
Theorem 2. There are analytic embeddings β :T2 → R3 such that all leaves of both principal
foliations, Fi (β) (i = 1,2), are dense in T2. See Fig. 1.
Fig. 1. Stereographic projection of the Clifford torus α0 (left) and of its α deformation for  = 13 (right).
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in Theorem 1 and define β = Π ◦ α . As Π is a conformal map the principal lines of β are the
images by Π of the principal lines of α . 
4. Concluding comments
In this paper it was shown that there exist embeddings of the torus in S3 and in R3 with both
principal foliations having all their leaves dense.
The technique used here is based on the second order perturbation of differential equations.
It is worth mentioning that the consideration of only the first order variational equation, see
Proposition 1, was technically insufficient to achieve the results of this paper. The same can be
said for the technique of local bumpy perturbations used to deform immersions in [6,7], leading
to examples with one of the two principal foliations with dense leaves.
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